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FIG. 7: Intensity vs. distance mixed for a tartrazine droplet in 70% EtOH

depicted as only EtOH (Profile 1) is now occupied by tartrazine. From the line profiles, we obtained the intensity
values as a function of the line positions. Both profiles showed the same trend, where an abrupt dip in intensity was
observed at the intersection between the clear and the dark regions. The distances corresponding to the middle points
of the abrupt change in intensities were determined for both profiles. The difference between the two values gave the
distance of the mixed region.

We then calculated the mixing rate by evaluatingx2/t, wherex is the distance of the mixed region, andt is the
elapsed time between the two profiles. Through a linear regression fit, we found the values obtained using this method
comparable to the ones obtained using area measurement, as shown in Fig. 8. This finding confirmed our initial results
in that the increase in EtOH concentration did very little in changing the mixing rate. The average mixing rate obtained
from the line profile extraction method was 8.22× 10−6 m2/s, which is close to 8.21× 10−6 m2/s, obtained from
the area-difference method. Our methods of determining the mixing rate were analogous to the mixing quantification
reported by Krasnopolskaya et al. (1999), in which both the elements of area and intensity were considered.

FIG. 8: Comparison of the mixing rate values obtained using line profile extraction and area measurement of the mixed droplets
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To verify our results, we modeled our experiments by first constructing a spherical cap that represented the initial
droplet. The formula for the volume of a spherical cap is given by

Vcap =
1
6
πh(3a2 + h2), (1)

wherea andh are the radius and the height of the spherical cap, respectively. Substituting the trigonometric relations

a2 = 2Rh− h2, (2)

and

α = sin−1

(
R− h

h

)
, (3)

weobtain

Vcap =
1
3
πR3

(
2− 3sinα+ sin3α

)
, (4)

whereR is the radius of the hemisphere, andα = 90◦-contact angle. Using experimental values ofVcap = 2 µl and
an intermediate measured contact angle value of 64◦ (see Fig. 2), we obtaineda = 1.21 mm andh = 0.76 mm. These
dimensions were used to construct a spherical cap for our model. Using theLaminar Two-Phase Flow, Moving Mesh
physics in COMSOL, we incorporated the effects of the surface tension gradient by specifying the surface tension
coefficient,σ, of the combined tartrazine and EtOH droplet, modeled as one coalesced droplet. The equation that
models the air-liquid interface is

n T = −pextn + σ (∇t · n)n −∇tσ, (5)

wheren is the normal to the interface,T is the stress tensor,∇t is the surface gradient,pext is the external pressure,
and∇t · n is the surface divergence of the normal vector. The initial conditions include a spherical cap with zero
internal velocity, zero external pressure, and a combined surface tension,σ, which we have assumed as 0.072+
(0.021− 0.072)∗ c N/m, wherec was set to 0 fort < 0 and 1 fort > 0. This expression is represented by the
surface tension of water, 0.072 N/m, and the surface tension of EtOH, 0.021 N/m. To incorporate the effects of
gravity,F = ρg was specified, whereρ = 999.97 kg/m3, to solve for the velocity field,u, through the following
Navier-Stokes equation modeled in COMSOL:

Du
Dt

= ∇
[
−pI + µ

(
∇u + (∇u)T

)
+ F

]
. (6)

To account for possible slip between the liquid and the solid interface, the following equation,

Ffr = −µ

β
u, (7)

was included, withµ denoting the dynamic viscosity, andβ = 0.2 ∗ h representing the slip length for a mesh
element size ofh. In addition, to incorporate molecular diffusion and convection within the droplets, we included the
Convection-Diffusion Equationphysics in our model, which solves for

∂c

∂t
+∇ (−D∇c) + A∇c = 0, (8)

wherec is the concentration,D the molecular diffusion coefficient, andA the velocity. This equation allowed us to
vary the diffusion coefficient. The dynamic boundary condition is defined by zero flux at the solid surface and free
surface:

∂c

∂n
= 0, (9)

wheren indicates the normal to the boundary. The kinematic boundary condition at the free surface is given by

∂h

∂t
+ u

∂h

∂x
+ v

∂h

∂y
= w on z = h. (10)
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The efficacy of the model built was first verified by testing different diffusion coefficient values. We define how
good the mixing is by expressing the concentration deviation per volume as

δc =
1
2

∫
(c− ceq)

2
dΩ, (11)

whereceq representsthe equilibrium concentration. Therefore,δc approaches 0 as the droplets reach the fully mixed
state. This formula is analogous to the mixing index,Mi, reported by Lai et al. (2010). From the combined surface
tension expression,σ = 0.072+(0.021− 0.072)∗c, we have definedc as a step function, i.e., 0< c < 1.Therefore at
concentration equilibrium,ceq needs to be 0.5 to represent equal concentration of water and EtOH. As such, Eq. (11)
can be computed as

δc =
1
2

∫
(c− 0.5)2

dΩ. (12)

Usingmolecular diffusion values ofD = 1× 10−6, 1× 10−7, and 1× 10−8 m2/s, the concentration deviation
decayed exponentially with time before reaching the mixed state at concentration 0 (Fig. 9). Further, our model
verified that it took longer to reach the mixed state when the molecular diffusion coefficient is smaller, as one would
expect.

We predicted a similar trend if surface tension effects were disregarded. To that end, we ran a simulation using
only theConvection-Diffusionmodel with the velocity field set to 0, to yield the mixing time resulting from molecular
diffusion alone. While the trend was similar to that of with surface tension was incorporated, the time taken to reach
the mixed state was higher by one order of magnitude, as shown in Fig. 10.

To quantify the impact of surface tension gradient on mixing, we compared the time constant,τ, obtained from
fitting a semilog plot from the individual exponential decay plots presented in Figs. 9 and 10. The values forτ were
calculated as the inverse of the slopes. We found that with surface tension, or with Marangoni, the time taken to reach
the mixed state was always lower, compared to only molecular diffusion, or without Marangoni. A 4% improvement
in τ was observed forD = 1 × 10−6 m2/s, followed by a 42% improvement forD = 1 × 10−7 m2/s, and an 87%
improvement forD = 1 × 10−8 m2/s (Fig. 11). These results showed that surface tension gradient played a more
significant role at smaller diffusion coefficient values, as one would expect. Similarly, Blanchette (2010) performed
simulations that showed significant mixing induced by surface tension gradients.

FIG. 9: Simulated nondimensional values of concentration deviation vs. mixing time for various molecular diffusion coefficients,
with Marangoni effects
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FIG. 10: Simulated nondimensional values of concentration deviation vs. mixing time for various diffusion coefficients, without
Marangoni effects

FIG. 11: Time constant vs. diffusion coefficient for simulations with and without Marangoni effects

We then tested the impact of varying the EtOH concentration, in which the latter was manifested as different
surface tension values in the model. This was accomplished through the combined surface tension expression stated
earlier in the form 0.072+(s− 0.072)∗c N/m, wheres is now the surface tension of various aqueous EtOH solutions,
obtained from Vazquez et al. (1995). Thes values used in our simulations are as shown in Table 1.

Our simulation showed little to no variation in mixing time for the concentrations tested (Fig. 12). This agrees
with our experimental results (Fig. 8), where the mixing rates of tartrazine in various EtOH concentrations were
almost constant.

We then ran the simulation using our measured contact angle values (see Fig. 2). As shown in Fig. 13, the
concentration deviation is slightly higher for lower contact angles. This could be due to the area being larger for a
higher contact angle droplet, hence the higher likelihood of the stretching and folding of liquid. Despite the deviations,
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TABLE 1: Surface tension,s values corresponding to
aqueous EtOH solutions

EtOH (v/v %) s

0 0.072

20 0.038

40 0.030

60 0.026

80 0.024

100 0.022

FIG. 12: Simulated nondimensional values of concentration deviation vs. mixing time for various EtOH concentrations

FIG. 13: Simulated nondimensional values of concentration deviation vs. mixing time using experimental values of contact angle
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a mixing time of∼ 0.8–0.9 s was found for all the contact angle values. Experimentally, we found that the mixing
time ranges from 0.6 s to 2 s (see Fig. 5) for the EtOH concentrations (0%–90%) corresponding to the contact angle
values tested. Although it was not an exact match, our simulation was able to predict a mixing time that was still
within the values obtained experimentally.

To better understand the impact of contact angle on mixing time, we widened the range of contact angle values
used in our simulation. As shown in Fig. 14, it takes longer to reach the mixed state at a smaller contact angle; for
example, a 20◦ droplet takes almost twice as much time compared to a 90◦ droplet. Since volume is fixed in our
simulations, a 20◦ droplet would occupy a larger footprint than a 90◦ droplet. According to Fick’s law of diffusion,
J = −D(dc/dx), the amount of diffusing substance for a given time,J , is smaller when the length that the substance
has to travel,x, is larger. This explains the results of our simulations, in addition to implying that a droplet on a
hydrophobic surface mixes more efficiently than a droplet on a hydrophilic surface.

To understand the dynamics of the mixing droplets, we analyzed the velocity field and streamlines for various
contact angles. The contact angle value is specified under theWall-Fluid Interface, where necessary forces are applied
by the software during simulation to bring the contact angle towards its equilibrium value. The flow in a 20◦ droplet
is unidirectional and lateral at the beginning of interaction, as shown in Fig. 15(a). Att = 3.5 s, fluid flows from the
bulk towards the air-liquid interface, where the surface tension is higher. The streamlines show a symmetrical flow
from the edge towards the peak of the droplet. Fromt = 0.5 s tot = 3.5 s, the velocity magnitude at the surface had
decreased by two to three orders of magnitude.

For a 90◦ droplet, a recirculation from the middle of the droplet towards the surface where surface tension is
higher appears as soon as interaction began, as shown in Fig. 16(a). The streamlines att = 0.1 s show two symmetrical
vortices that meet at the center of the droplet. Att = 1 s, a second recirculation in the reverse direction appeared,
resulting in a stagnation point. Fromt = 0.1 s tot = 1 s, the velocity magnitude at the surface had decreased by
two orders of magnitude. Our results imply that a recirculating flow, rather than a lateral flow, improves the rate of
mixing. Also, a 20◦ droplet tends to deform more compared to a 90◦ droplet upon mixing, as evident from Figs. 15
and 16.

Figures 15 and 16 also show the displacement of the droplet, observed as the shift of the droplet centerline from
the origin. The surface tension gradient is expected to induce motion in the droplet system in the absence of hysteresis
(Sellier et al., 2011, 2013). We indeed observed in our simulations that the center of gravity of the system shifts in
the direction of increasing surface tension. In addition, we observed that a droplet displaces sooner and further for a
lower contact angle, as shown in Fig. 17. We have previously shown that a droplet with a lower contact angle travels
further (Ng et al., 2016).

FIG. 14: Simulated nondimensional values of concentration deviation vs. mixing time for various contact angles
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FIG. 15: Velocity field (left) and streamlines (right) in a 20◦ contact angle droplet at (a) 0.5 s and (b) 3.5 s

FIG. 16: Velocity field (left) and streamlines (right) in a 90◦ contact angle droplet at (a) 0.1 s and (b) 1 s
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FIG. 17: Droplet displacement for various contact angles

4. CONCLUSION

Our proposed two-droplet system, which incorporated surface tension gradients, shows significant improvements
in the mixing of two miscible liquids, when compared to articles in the literature pertaining to mixing without the
presence of an air-liquid interface. By tartrazine in water, as well as aqueous EtOH solutions, we obtained an aver-
age mixing rate value that was higher by three to four orders of magnitude, when compared to literature values of
molecular diffusion alone. However, we observed very little change in the mixing rate of tartrazine in various EtOH
concentrations; i.e., the mixing time was not highly influenced by the ethanol amount in the ethanol/water mixture.
This indicates that only a small ethanol amount is required to generate a sufficiently large surface tension gradient to
increase the mixing rate by a few orders of magnitude.

This could be attributed to the increase in droplet footprint as the EtOH concentration increases, which led to
higher mixing times. Therefore, the mixing rate, which is the ratio of the area mixed to mixing time, is barely affected
by the EtOH concentration. This implies that the magnitude of the surface tension gradients tested had an insignificant
impact on the mixing rate between the two liquids. We performed our mixing rate measurements using two methods,
both of which showed comparable results.

To better understand our results, we constructed a laminar two-phase flow model using COMSOL, which en-
compasses a free surface, a contact line, and the Marangoni effect. Our simulations indeed showed the same mixing
time for all EtOH concentrations tested. Further, the model showed a significant improvement in mixing time when
Marangoni effects were present. This agrees with the comparison made between our experimental values and molec-
ular diffusion coefficients from previous works.

Our model also predicts a stark improvement in the time constant at smaller diffusion coefficient values. By
studying various contact angles, our simulations showed that a droplet with a higher contact angle requires less time
to reach the mixed state. In conclusion, our experimental results, backed by numerical results, confirmed that the
presence of Marangoni stress indeed improves the mixing rate of two miscible liquids. The mechanism presented
herein shows an alternative way of achieving an enhanced mixing rate, as compared to only molecular diffusion,
without the need for external sources. Potentially, the system can be applied in microfluidics, where the mixing of
small-volume droplets is key but remains a challenge.
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