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Computer simulation has become the standard tool in many engineering fields for designing and optimizing systems,
as well as for assessing their reliability. Optimization and uncertainty quantification problems typically require a large
number of runs of the computational model at hand, which may not be feasible with high-fidelity models directly. Thus
surrogate models (a.k.a meta-models) have been increasingly investigated in the last decade. Polynomial chaos expan-
sions (PCE) and Kriging are two popular nonintrusive meta-modeling techniques. PCE surrogates the computational
model with a series of orthonormal polynomials in the input variables where polynomials are chosen in coherency with
the probability distributions of those input variables. A least-square minimization technique may be used to determine
the coefficients of the PCE. Kriging assumes that the computer model behaves as a realization of a Gaussian random
process whose parameters are estimated from the available computer runs, i.e., input vectors and response values. These
two techniques have been developed more or less in parallel so far with little interaction between the researchers in the
two fields. In this paper, PC-Kriging is derived as a new nonintrusive meta-modeling approach combining PCE and
Kriging. A sparse set of orthonormal polynomials (PCE) approximates the global behavior of the computational model
whereas Kriging manages the local variability of the model output. An adaptive algorithm similar to the least angle
regression algorithm determines the optimal sparse set of polynomials. PC-Kriging is validated on various benchmark
analytical functions which are easy to sample for reference results. From the numerical investigations it is concluded
that PC-Kriging performs better than or at least as good as the two distinct meta-modeling techniques. A larger gain in
accuracy is obtained when the experimental design has a limited size, which is an asset when dealing with demanding
computational models.

KEY WORDS: emulator, Gaussian process modeling, Kriging, meta-modeling, polynomial chaos expan-
sions, PC-Kriging, benchmark functions

1. INTRODUCTION

Modern engineering makes a large use of computer simulation in order to design systems of ever-increasing com-
plexity and assess their performance. As an example, let us consider a structural engineer planning a new structure.
An essential part of his work is to predict the behavior of the not-yet-built structure based on some assumptions, and
available information about, e.g., acceptable dimensions, loads to be applied to the structure, and material properties.
These ingredients are basically the input parameters of computational models that predict the performance of the
system under various conditions. The models help the engineer analyze/understand the behavior of the structure and
eventually optimize the design in order to comply with safety and serviceability constraints.

Similar conditions can also be found in many other scientific and engineering disciplines. The common point is
the simulation of the behavior of a physical process or system by dedicated algorithms which provide a numerical
solution to the governing equations. These simulation algorithms aim at reproducing the physical process with the
highest possible fidelity. As an example, finite element models have become a standard tool in modern civil and
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mechanical engineering. Due to high fidelity, such models typically exploit the available computer power, meaning
that a single run of the model may take hours to days of computing, even when using a large number of CPUs.

An additional layer of complexity comes from the fact that most input parameters of such computational models
are not perfectly known in practice. Some parameters (e.g., material properties, applied loads, etc.) may exhibit natural
variability so that the exact value to be used for simulating the behavior of a particular system is not known in
advance (this is referred to ateatory uncertainty Some others may have a unique value which is however not
directly measurable and prone to lack of knowledggigtemic uncertainjyIn a probabilistic setup these parameters
are modeled by random variables with prescribed joint probability density function, or more generally, by random
fields. The goal ofincertainty propagatioiis to assess the effect of the input uncertainty onto the model output, and
consequently onto the performance of the system under consideration [1, 2].

Propagating uncertainties usually requires a large number of repeated calls to the model for different values of
the input parameters, for instance through a Monte Carlo simulation procedure. Such an approach usually require
thousands to millions of runs which is not affordable even with modern high-performance computing architectures.
To circumvent this problensurrogate modelsnay be used, which replace tbaginal computational model by an
easy-to-evaluate function [3-5]. These surrogate models, also knaespaEsise surfaces meta-modelsare capable
of quickly predicting responses to new input realizations. This allows for conducting analyses which require a large
number of model evaluations, such as structural reliability and optimization, in a reasonable time.

Among the various options for constructing meta-models, this paper focusesorusive approachemeaning
that the computational model is considered as a “black-box model”: once an input vector (i.e., a realization of the
random input in the process of uncertainty propagation) is selected, the model is run and provides an output vector
of quantities of interestNo additional knowledge on the inner structure of the computer code is assumed. Popular
types of meta-models that may be built from a limited set of runs of the original model (calledtegmental design
of computations) include polynomial chaos expansions (PCE) [6], Gaussian process modeling (also called Kriging)
[7-10], and support vector machines [11-14], which have been extensively investigated in the last decade. Polynomial
chaos expansions and Kriging are specifically of interest in this paper.

Polynomial chaos expansions (PCE), also know as spectral expansions, approximate the computational model by a
series of multivariate polynomials which are orthogonal with respect to the distributions of the input random variables.
Traditionally, spectral expansions have been used to solve partial differential equationstimisisemanner [6]. In
this setup truncated expansions are inserted into the governing equations and the expansion coefficients are obtained
using a Galerkin scheme. This pioneering approach calpedtral stochastic finite element metH{&EFEM), was
later developed by [15-19], among others. These intrusive methods require specific, problem-dependent algorithmic
developments though. Because it is not always possible and/or feasible to treat a computational model intrusively,
especially when legacy codes are at hand in an industrial context, nonintrusive polynomial chaos expansions were de-
veloped. So-callegrojections methodwere developed by [20-23], see a review in [24dast-square minimization
techniques have been introduced by [25-27]. Further developments which combine spectral expansions and compres-
sive sensing ideas have lead to so-cafipdrse polynomial chaos expansigd8—34]. This is the approach followed
in this paper. Further recent applications of PCE to structural reliability analysis and design optimization can be found
in [35-37].

The second meta-modeling technique of interest in this paper is Kriging, which originates from interpolating
geographical data in mining [38] and is today also known as Gaussian process modeling [8, 9]. The Kriging meta-
model is interpreted as the realization of a Gaussian process. Practical applications can be found in many fields, such
as structural reliability analysis [39-44] and design optimization [45-47]. The implementation of the Kriging meta-
modeling technique can be found in, e.g., the Matlab tooDAKLE [48] and the more recent R toolb@iceKriging
[49, 50].

So far the two distinct meta-modeling approaches have been applied in various fields rather independently. To our
knowledge, there has not been any attempt to combine PCE and Kriging in a systematic way yet. To bridge the gap
between the two communities, this paper aims at combining the two distinct approaches into a new and more powerful
meta-modeling technique call€blynomial-Chaos-KrigindPC-Kriging). As seen in the sequel the combination of
the characteristics and the advantages of both approaches leads to a more accurate and flexible algorithm which will
be detailed in this paper.
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The paper is organized as follows. PCE and Kriging are first summarized in Section 2 and Section 3, respectively.
Section 4 introduces the new meta-modeling approach PC-Kriging as the combination of the two distinct approaches.
The accuracy of the new and traditional meta-modeling approaches is compared in Section 5 on a set of benchmark
analytical functions.

2. POLYNOMIAL CHAOS EXPANSIONS
2.1 Problem Definition

Consider the probability spac€, F, P), where2 denotes the event space equipped withlgebraF and the prob-
ability measureP. Random variables are denoted by capital letté(sv) : Q@ — Dx C R and their realizations
denoted by the corresponding lower case letters, .gRandom vectors (e.gX = {Xi,...,Xy}") and their
realizations (e.gx = {z1,...,z)}") are denoted by bold faced capital and lowercase letters, respectively.

In this context, consider a system whose behavior is represented by a computationaMinetielh maps thel/-
dimensional input parameter space to the one-dimensional output spackf i.ec,c Dx C RM — y € R where
x = {z1,...,zp}". As the input vector is assumed to be affected by uncertainty, a probabilistic framework is
introduced. Due to uncertainties in the input vector, it is represented by a randomXewfitin given joint probability
density function (PDF¥x . For the sake of simplicity the components are assumed independent throughout the paper,
so that the joint PDF may be written as the product of the marginal PDFs denotéd biy= 1, ..., M. Note that
the case of dependent input variables can easily be addressed by using an isoprobabilistic transform first, such as the
Nataf or Rosenblatt transform [29]. The output of the model is a random vatiablgained by propagating the input
uncertainty inX through the computational modét:

Y = M(X). @)

In this paper we consider that the computational modedstarministiomapping from the input to the output space,
i.e., repeated evaluations with the same input valyie Dy lead to the same output valyg = M (o).

Provided that the output random variablds a second-order variable (i.@l,[YZ] < +00), it can be cast as the
following polynomial chaos expansion (PCE) [6, 51]:

YEM(X): Z aoclbtx(X)’ (2

xeNM

where{an, « € NM} are coefficients of the multivariate orthonormal polynomiglg(X) in coherency with the
distribution of the input random vectdX, « = {a4,...,xp} is the multi-index andV/ is the number of input
variables (dimensions). Since the componentXoére independent, the joint probability density functjba is the
product of the margingx,. Then afunctional inner producfor each marginal PDFx, is defined by

(@1od2)s = [ 1(a) ba(a) i, o), ©

for any two functions{ ¢, ¢2} such that the integral exists. For each variable 1, ..., M an orthonormal polyno-
mial basis can be constructed which satisfies [15]:

PP = [ PO PO @) fx, (a)do = 8 (4)

i

Wherer@, P,Ei) are two candidate univariate polynomials in thievariable D; is the support of the random variable
X; andd;j, is the Kronecker delta which is equal to 1 fpr= k£ and equal t® otherwise. [15] summarize various
orthonormal bases for some classical PDFs, some of which are summarized in Table 1.
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TABLE 1: Classical orthogonal/orthonormal polynomials (as presented in [52])

Distribution PDF Orthogonal poly- Orthonormal basis
nomials
. 1
Uniform 1]1171[@)/2 LegendreP(z) Py(x) 1
Gaussian me*m /2 Hermite H,, () H., (z)/Vk!
T 1
Gamma  z%e “1ps () LaguerreL®(z) Li(x)/ %
(1_33)(1(1_'_1,)5 s ra,b a,b .
B 1 —_— ’ ’
eta 1—1,17(2) B(a)B () JacobiJ, " (x)  Jp(x)/Tapk
- 200+ T(k4+a+DT(k+b+1)
ok T 9k +a+b+1T(k+a+b+DI(k+1)

The multivariate polynomials in Eq. (2) are then composed of univariate polynomials by tensor product, i.e., by
multiplying the various polynomials in each input variable:

M
Ya(X) = [[05 (X)), (5)
=1

whereq)f,if is the polynomial of degree; in theith variable.

The main idea of PCE is then to surrogate the computational model by an infinite series of polynomials as shown
in Eq. (2). In practice, it is not feasible to handle infinite series, thus the need of a truncation scheme. Such a truncation
scheme corresponds to a set of multi-indexes A ¢ N™ such that the system response is accurately approximated
with respect to some error measure [29, 32]:

Y ~ YERE MR X) = Y anhalX). (6)
xcA

There are several ways to selecpriori a truncation setd. A simple and commonly applied scheme consists of
upper-bounding the total degree of polynomials to a maximal valdiée total degree of polynomials is defined by

M
EEDIE: (7
=1

In this case the set of multi-indices is denoted b¥? = {& € NM : |«| < p} wherep is the maximal total
polynomial degree. The cardinality of the sétreads

(M + p)!

A=

8
This cardinality grows polynomially with both/ andp. Such a truncation scheme thus leads to nontractable problems
if the response is highly nonlinear in its input parameters (need for a gauaad/or if the size of the input vectdX
is large (sayM > 10). This problem is referred to as tiearse of dimensionality

In [29, 53] a more restrictive truncation scheme calggerbolic truncation setvas proposed. The authors ob-
served that many systems tend to have only low-degree interaction polynomials and thus it is not necessary to compute
all interaction terms of higher polynomial degree. The hyperbolic index set is based on the folienong:

AP ={ae N+ ladl|y < p}, 9)
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where

M 1/q
lexllq = (Z oc?) : (10)
=1

0 < g < lisatuning parameter ands the maximal total degree of the polynomials. A decreagilegds to a smaller
number of interactive polynomials, i.e., a smaller set of polynomials. When0, only univariate polynomials are left

in the set of polynomials which is called an additive model [52]. For the sake of illustration, the retained polynomial
indicesa € Aé‘”vp of a two-dimensional input spacéf = 2) and varyingp andq are illustrated in Fig. 1. The indices
denoted by are part otAé”vP and the solid black line represenitg||, = p. Note that forg = 1, the hyperbolic index

sets are equivalent to the total degree index set [see Eq. (7)].

2.2 Computation of the Coefficients

After defining the set of candidate polynomials, the next step is to determine the expansion coeéiigiehtsach
multivariate polynomialp (). In this paper we consider onhonintrusivemethods which are based on repeatedly
evaluating the modeM over a set of input realization® = {x(", ..., x)}, the so-calledexperimental design
Different nonintrusive methods have been proposed in the last decade to calibrate PC meta-models, namely projection
[20-22], stochastic collocation [23, 24], and least-square minimization methods [26, 29, 32, 54, 55]. In this paper we
adopt the least-square minimization method. The expansion coefficieatéa, @ € A C NM} are calculated by
minimizing the expectation of the least-squares residual:

2
a = argminE <Y -y a“q).x(X)) . (11)

acRIAl xeA

p=3, g=1 p=4, q=1

0 5
FIG. 1: Representation of a hyperbolic index set Aé‘“ for variousp andq (M = 2).
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In practice the expectation in Eqg. (11) is evaluated by an empirical sample-based estimator. Denoting by
YV = {MxW),..., M(x™)} = {YyD, ..., Yy} the set of outputs of the exact modet for each point in
the experimental desigh’, the discretized least-squares error minimization problem derived from Eq. (11) reads

N 2
a=arg min% > (W -3 aawa<x<i>>> : (12)

acrlAl Vi xeA
The optimal expansion coefficienismay be computed by solving the linear system
a=(F'F)"'FTY, (13)
whereF is the information matrix of siz&/ x |.4| whose generic term reads:
Fij=v;(x\"), i=1,...,N, j=1,...,]A (14)

Typically for smooth functions, a small number of polynomials is able to represent accurately the output of the
computational model. Thus a further reduction of the set of predictors in high-dimensional space is possible. Various
types of generalized regression algorithms have been proposed in the literature, naresggtthbsolute shrinkage
operator(LASSO) [56], theLeast Angle RegressighAR) [57], low-rank approximation§33, 58], and compressive
sensing [59]. In the applications of this paper, the LAR algorithm is used in combination with hyperbolic index sets.

Given a PCE meta-model, i.e., a set of polynomidlgs, x € A, and the corresponding parameterg, the
response of a new samptec Dx may be eventually predicted by Eq. (6):

y O = MPP (). (15)

2.3 Error Estimation

As seen in Eq. (6), PCEs are approximations of the exact computational model and thus the prediction at new input
samples leads to some residual error. That is why error measures are developed to quantify the deviation between the
exact outpup)) = {Y@ i = 1,..., N} and the meta-model outp"°® = MPCE)(x). Thegeneralization error

(also calledZ2-error) is the expectation of the squared output residuals [60], i.e.,

Errgen = E {(Y - Y(PCE>)2] , (16)

where Y (PCB) corresponds to the truncated series [see Eq. (6)] and the expectation is defined with respect to the
PDF of the input variableX . If the computational modeM is inexpensive to evaluate, the generalization error can

be estimated accurately using an auxiliary validationsset {xz(»),... (™}, which is sampled from the input
distribution fx . The estimate of the generalization error then reads

i Ly (1)) _ Aq(PCE) (D) )2
Brrgen = ~ Z (M(@®) - MEED))". (17)
However, this rarely happens in real applications since the very purpose of building a meta-model is to avoid evaluating
M on a large sample s&. Note that in Section 5 though, the various meta-modeling techniques are compared on
analytical benchmark functions, making it possible to use such an estimate of the generalization error.
When the use of a large validation set is not affordable gthgirical errorbased on the available experimental
designX’ may be defined:

N
Ertemp = %Z (y(i) _ M(PCE)(X(i)))2 . (18)

i=1
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Normalizing the empirical error by the variance of the output values leads telditeve empirical errorwhich is
defined as

_ XL 00 - MEO(x))”
€emp - N ) 2 ) (19)
Dimt (y(l) - Hy)
wherepy, is the mean value of the output valu¥s The empirical error which is based on the experimental design
generally underestimates the generalization error. In particular, if the number of polynp#tialslose to the number
of samplesV in the experimental design, the empirical error tends to zero whereas the true (generalization) error does
not. This phenomenon is callexverfitting (in the extreme case wheré = |.A| the predictors may interpolate the
experimental design points and thus the empirical error vanishes). Henteatteeone-ou{LOO) error has been
proposed as an estimate of the generalization error [61, 62]. The general formulation of the leave-one-out error is

N
1 i A2
Errfse= <30 (30 - MEP ), (20)

i=1

whereMEFiCi)E)(-) is a PCE model built from the sample s¥t™" = X\x® = {x@ j=1,...,i—1,i+1,...,N}
andy = {Y® i =1,..., N} are the response values of the exact computational model. The LOO error is a special
case of thdeavek-out cross-validatiorerror [63], which discardé samples from the initial experimental design to
build up a model and predict the error at thdiscarded samples.

In theory the computational cost of the LOO error is proportional to the number of safipdaxce it would re-
quire the determination a¥ PCE meta-models corresponding to each experimental das(igﬁ. In the special case
of linearly parameterized regression, which is the case for PCE, it is possible to calculate the LOO error analytically
withoutbuilding N separate models. The LOO error reads (see, e.g., [53, 64] for the proof)

N ; N

1 YO — MEPCE) (4 ()

S8 =53 () @
i=1 ’

whereh; is theith diagonal term of the matrik (FTF)_1 FT and the information matri¥ is defined in Eq. (14).
Note that the PCE used in Eq. (21) is built only once from the full experimental dasign

3. KRIGING
3.1 Problem Definition

The second meta-modeling technique in this paper is Kriging, also knov@aassian process modelinghich
assumes that the response of a computational model is a realization of a Gaussian random process [9], i.e.,

M(z) # MB(z) = B" f(z) + 0* Z(z), (22)

whereB” f(x) = Zle B;fi(x) is the mean value of the Gaussian process, also called trend, with coeffijents
o? is the Gaussian process variance af{et) is a zero-mean, unit-variance stationary Gaussian process. The zero-
mean Gaussian proce&gx) is fully determined by the auto-correlation function between two input sample points
R(x,x’") = R(|]x — «’|; ©) due to stationarity, where are hyper-parameters to be computed.

Various correlation functions can be found in the literature [8, 9], some of which alie¢iae, exponentiglGaus-
sian(also calledsquared exponentiglandMatérn autocorrelation function. In this paper the Mat autocorrelation
function is mainly used as it is a generalization of the exponential and the Gaussian autocorrelation functions. The
general Maérn kernel of degree is defined as [65]

M / v /
R(lz—2'[;l,v) =] L <\/§|f”_x|> Ky <\/ﬂ|:”_x> : (23)

e 2v_1F(V) l; l;
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wherex andz’ are two sample points in the input spaRg, ! = {l; > 0,¢ = 1,..., M} are the scale parameters
(also calleccorrelation lengthy v > 1/2 is the shape parametéi(-) is the Euler Gamma function, and, (-) is the
modified Bessel function of the second kind (also known as Bessel function of the third kind). In many publications
the shape parameter is set to either 3/2 orv = 5/2 which simplifies Eq. (23) to [49]:

R(lz —z'|;1,v =3/2) = H ( \[m |> exp (—W) ) (24)

i=1

Apart from the correlation part in Eq. (22) there is also a trend ﬁayt(m). Three different flavors of Kriging
are defined in the literature [8—10], namely simple, ordinary, and universal Kriging according to the choice of the
trend.Simple Krigingassumes that the trend has a known constant vaqu}T.f(,:c) = Bo. In ordinary Kriging the
trend has a constant but unknown value, iR+~ 1, f1(x) = 1, andf; is unknown. The most general and flexible
formulation isuniversal Kriging which assumes that the trend is composed of a suif pfe-selected functions

fr(z), i.e
P
x) = Z Brfr(x), (26)
=1

wherefy, is the trend coefficient of each function. Note that simple and ordinary Kriging are special cases of universal
Kriging. As discussed later in this paper, one approach to set up a trend is to use a sparse set of polynomials, which
defines a new variant of universal Kriging.

3.2 Calibration of the Kriging Model

Given a value for the auto-correlation hyper-paramet@rsthe calibration of the Kriging model parameters
{B(8),02(8)} may be computed using @mpirical best linear unbiased estima{@LUE). The optimization yields

an analytical expression as a functiondof

“ -1
B(8) = (FTR’lF) FR 1), 27)
N 1
0,(8) = (V-FB)' R (Y-Fp), (28)
where) = {Y® i =1,..., N} are model responses of the exact computational model on the experimental design

X ={x®,i=1,...,N},Ry; = R(|x® —x|; 8) is the correlation matrix anB;; = f;(x () is the information
matrix.

In recent developments, the optimal correlation paramétenay be determined by either a maximume-likelihood-
estimate (denoted hyIL) [47, 66] or by leave-one-out cross-validatid®\() [67]. The optimal parameters are deter-
mined through a minimization which reads

Brrs = arg mm[ (V-FB) R (Y- Fp) (det R)”N} , (29)

8oy = argemin[yTR(B)*ldiag (R(0)™1) > R(0) y] . (30)

The comparison of both approaches shows that ML is preferable to CV in well-specified cases, i.e., when the meta-
model autocorrelation function family is identical to the autocorrelation function of the computational model. For
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practical problems, i.e., assuming a black-box model, the autocorrelation function family is not known with certainty.
In this case CV shall lead to more robust results than ML, as discussed in [67].

Determining the optimal correlation parameters in Egs. (29) and (30) is a complex multi-dimensional minimization
problem. Optimization algorithms can be cast into two distinct categories: local and global optimization algorithms.
Local methods are usually gradient-based algorithms such as the quasi-Newton Broyden-Fletcher-Goldfarb-Shanno
(BFGS) algorithm [68—70] and its modifications [71]. Global methods are algorithms such as genetic algorithms [72]
and differential evolution algorithms [73, 74]. The best optimization algorithm is problem dependent and in many
cases not knowa priori.

The optimal correlation parameters are then used for predicting the model response at new samples of the input
space. By assumption, the prediction of a Kriging model of a new poiata Gaussian random variable with mean
iy () and variance? (x):

uy(z) = f(@)' +r(@) R (Y~ FB), (31)
o) = o (1 ~senen| p R |1 D 7 32

r(x)

wherer;(xz) = R(|z — x(?|; 8) is the correlation between the new sampland the samplg *) of the experimental
design. The prediction mean is used as the surrogate to the original mtdehereas the variance givesogal error
indicator about the precision. Note that the Kriging model interpolates the data, i.e.,

by (x?) = M(x"), oj(x?) =0, vx¥ e x.

Apart from this procedure to calibrate the meta-model and predict model responses, the Kriging meta-modeling
technique has been developed further in recent years. The latest developments in Kriging are contributed in the aspects
of optimal estimation of the hyper-parameters [67, 75, 76], the use of adaptive kernels [77, 78], and the use of additive
auto-correlation kernels [79-81].

3.3 Error Estimation

A local error measure for any sampteis given by the prediction varianuéu(;c) in Eqg. (32). This information is
useful to detect regions where the prediction accuracy is low. Adding new samples to the experimentaXdesign
the regions with high prediction variance may lead to an overall increase in the accuracy of the meta-model in that
region. This characteristics is exploited when devising adaptive experimental designs in structural reliability analysis,
see [42, 46, 82, 83].

A simple global error measure of the accuracy of the meta-model [such as Eq. (19) for PC expansions] is not
available for Kriging due to its interpolating properties, which make the empirical error vanish (considering no nugget
effect in its auto-correlation function). Thus one approach to a global error measurdgawbeone-ou(LOO) error

N

1 i A\ 2

Errldo = N > (y( ) iy (X ))) , (33)
=1

wherep; ;) (x™) is the prediction mean; of samplex? by a Kriging meta-model based on the experimental
designx (™ = x\x® andy = {¥@ i = 1,..., N} is the exact model response. [84] derived an analytical
solution for the LOO error for universal Kriging without computing tNemeta-models explicitly in the same spirit
as Eq. (21) for PC expansions. The prediction mean and variance are given by

N B.. . N B.. )
My (—i) = — Z #y(]) = Z Bifj_y(ﬂ) + YO (34)
j=tg#i " j=1""
1
2
GQ,(—i) = B“‘7 (35)
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whereB is a square matrix of sizgV + P) with N and P denoting the number of samples in the experimental design
and the number of polynomials in the trend part, respectively:

-1
o’R F

whereo? is the Kriging variance for the full experimental desighestimated by Eq. (28). A generalized version of
this algorithm called/-fold cross-correlation errocan be found in [84].

3.4 PCE as a Particular Case of Universal Kriging

PC expansions can be interpreted as Kriging models where the samples of the experimental design are uncorrelated,
i.e., where the auto-correlation function consists of the Dirac function:

R(|lz — ') = 8(x — 2'). (37)

The correlation matrix is then the identity matrix of si2g i.e.,R = I. This reduces Eg. (27) to Eq. (13) and
Eg. (31) to Eq. (2).

Further, it can be shown that the LOO error in Egs. (33)-(35) reduces to Eq. (21) by the following derivations.
Consider the symmetric partitioned matfixand the corresponding inverEk i.e., D = C~! which are defined as

Cll Clg Dll D12
C= , D= ,
[ Cl, Cx } { Di, Dy ]

whereC;1, Dy, (respectivelyCso, Do) are square matrices with dimensidin(respectivelyP). Using block matrix
inversion one can derive:

—1
Dii = Gy + Cf Cuz (€22 - CLCT/Cr ) CLCTY (38)

In the context of the LOO error, taking = B in Eq. (36),C1; = 0?Iy, C13 = F, Cyy = 0p:

1 1 1 R

Dy = Iy + 5INF (()p - FT21NF> FT—QIN
(0} (0} (0} [0}
1 1 -1 1 -1
= 1+ F (—FTF) Fl—— (I _F (FTF) FT> .
(0} o (0}

Then, the LOO error in Eq. (33) combined with Eq. (34) and the above inverse formulationBfrtregrix reads:

(39)
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which is equivalent to the formulation of the LOO error in Eq. (21) for the case of PCE@dd) = 1\ (x?). Thus,
the LOO error in PCE can be seen as a special case of the LOO error in the Kriging framework.
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4. PC-KRIGING
4.1 Principle

The characteristic of Kriging is to interpolate local variations of the output of the computational model as a function
of the neighboring experimental design points. In contrast, polynomial chaos expansions (PCE) are used for approx-
imating theglobal behavior of M using a set of orthogonal polynomials. By combining the two techniques we aim
at capturing the global behavior of the computational model with the set of orthogonal polynomials in the trend of
a universal Kriging model and the local variability with the Gaussian process. The new approacipchyitednial-
chaos-Kriging(PC-Kriging) combines these two distinct meta-modeling techniques and their characteristics.

Using now the standard notation for truncated polynomial chaos expansions [see Eq. (6)], we cast the PC-Kriging
meta-model as follows [85]:

M(z) = MPDN (@) = Y anba(z) + 0*Z(2), (41)

xcA

where) . 4 axb«(x) is a weighted sum of orthonormal polynomials describing the mean value of the Gaussian
process ant4 is the index set of the polynomial&(x) is a zero-mean, unit-variance stationary Gaussian process
defined by an autocorrelation functid(|x — «’|; ©) and is parametrized by a set of hyper-parameders

Building a PC-Kriging meta-model consists of two parts: the determination of the optimal set of polynomials
contained in the regression part (i.e., the truncationgednd the calibration of the correlation hyper-parameéers
as well as the Kriging parametefs?, a, }. The set of polynomials is determined using the least-angle-regression
(LAR) algorithm as in [32] together with hyperbolic index sets to obtain sparse sets of polynomials. After the set
of polynomials is fixed, the trend and correlation parameters are evaluated using the universal Kriging equations
[Egs. (27)-(30)].

4.2 Algorithm

The two distinct frameworks for PCE and Kriging can be combined in various ways. In this paper two approaches
will be explained in detail, i.e., the sequential PC-Kriging (SPC-Kriging) and the optimal PC-Kriging (OPC-Kriging).
Both approaches are based on the same input information, namely the experimentalXdetigncorresponding
response value¥ obtained from the computational mod® (X), the description of the stochastic input variables
(joint PDF fx), and the parametric expression of an auto-correlation fundtige — x’|; ©). The two approaches

are defined as follows:

e Sequential PC-KrigindSPC-Kriging): in this approach, the set of polynomials and the Kriging meta-model are
determinedsequentially The assumption behind this procedure is that the optimal set of polynomials found by
the LAR algorithm in the context of pure PCE can be used directly as an optimal trend for the universal Kriging.
In a first step the optimal set of polynomials is determined using the PCE frameMiaskfound by applying
the LAR procedure as in [32]. The set of multivariate orthonormal polynomdals then embedded into a
universal Kriging model as the trend. The universal Kriging meta-model is calibrated using Eqgs. (27)—(30).

At the end of the algorithm the accuracy of the meta-model can be measured by the LOO error given in Eq. (33)
or, when using a validation set, by the sample-based generalization error in Eq. (17). The SPC-Kriging algorithm
is illustrated in Fig. 2, in which the white boxes represent the required input information and the blue boxes
represent the computational tasks. Given a calibrated SPC-Kriging model, the response of new input realizations
(i.e., the prediction) is computed by Eg. (31) and Eq. (32).

e Optimal PC-Kriging(OPC-Kriging): in this approach, the PC-Kriging meta-model is obtained iteratively. The
set of orthonormal multivariate polynomials is determined by LAR algorithm in the same way as in SPC-
Kriging. Yet the LAR algorithm results in a list of ranked polynomials which are chosen depending on their
correlation to the current residual at each iteration in decreasing order. OPC-Kriging consists of an iterative
algorithm where each polynomial is added one-by-one to the trend part. In each iteration, the coefficients of the
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FIG. 2: Flowchart for sequential-PC-Kriging (SPC-Kriging).

trend and the parameters of the auto-correlation function are calibrated. In the end, a hdhdfaifferent
PC-Kriging models are available. Thd| meta-models are then compared in terms of the LOO error [Eq. (33)].

The optimal PC-Kriging meta-model is then chosen as the one with minimal LOO error.

Figure 3 illustrates the OPC-Kriging algorithm in a flowchart. The notatidf)(?)(z) means a universal
Kriging meta-model where the trend is modeled bydhfirst polynomials selected i according to the rank-

ing obtained by LAR. Note that the red box represents the universal Kriging model which eventually minimizes
the LOO error Q = P*) and which is thus finally chosen. The final box marks the prediction of new model

responses which is computed by Eq. (31) and Eq. (32).
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FIG. 3: Flowchart for optimal PC-Kriging (OPC-Kriging).
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As a summary, PC-Kriging can be viewed as a universal Kriging meta-model with a nonstandard trend part. Thus
the error estimates from Kriging in Section 3.3 are valid here with no modification. In particular, the LOO error
in Eq. (33) is computed to compare different PC-Kriging models and to compute the optimal meta-model in OPC-
Kriging. The performance of both approaches and the comparison to the traditional PCE and Kriging approaches is
now illustrated for a variety of benchmark analytical functions.

5. ANALYTICAL BENCHMARK FUNCTIONS
5.1 Setup

Easy-to-evaluate functions are tested to verify and validate the new PC-Kriging approach by comparing the meta-
model to the exact model response. In this paper, six analytical functions of different dimensionality are illustrated,
namely four with uniformly distributed input variables (i.e., Ishigami, Sobol’, Rosenbrock, and Morris functions)
and two with Gaussian input variables (i.e., Rastrigin and O’Hagan function). References to the original use of the
benchmark functions in the literature are given below.

The first four analytical functions use uniformly distributed random variables in the input spacéshidmi
function is a smooth function with three independent input parameters commonly used for benchmarking methods in
global sensitivity analysis.

fi(x) =sinz +7 sin? 25 4+ 0.1 xg sinxq, (42)

whereX,; ~ U(—m, ), i = 1,2,3. TheSobol function is also well-known sensitivity analysis because the Sobol’
indices are easy to derive analytically [86]:

da; — 2|+ ¢
H| 1—|—c‘ ’ (43)

where X; ~ U(0,1), i = 1,...,8, andc = (1,2,5,10,20,50,100,500)" as in [27]. Due to the absolute value
operator in the enumerator the function behaves nonsmoothly at theapoint0.5. The RosenbrocKunction is a
polynomial function with a 2-dimensional input space [87]:

fa(@) = 100 (22— 23)° + (1 — 21)?, (44)
whereX; ~ U(-2,2), i = 1,2. The last function considered is tMorris function, which is defined by [88]

20 20 20
= E Biw; + E Bij wiw; + E Biji wiwjwy + 5w wewswsy, (45)
i=1 i<j i<j<l

whereX; ~ U(0,1), i = 1,...,20, andw; = 2 (x; — 1/2) for all i except fori = 3,5,7 wherew; = 2 (1.1z;/
(z; +0.1) — 1/2). The coefficients are defined &; = 20, i = 1,...,10; B;; = —15, 4,5 = 1,...,6; Bsji =
-10, i,4,0 =1,...,5. The remaining coefficients are set equapto= (—1)? andp,;; = (—1)**/ asin [53]

Two other benchmark functions of independent Gaussian variables are also studi®asTitiginfunction has a
two-dimensional input space and is defined by [89]

2
fs(x) =10 — Z(xf — 5 cos(2m x;)), (46)

=1
whereX; ~ N(0,1), i = 1,2. The last function is th©’Haganfunction, which is defined by [90]
fo(x) = alx + al sin(x) + aj cos(x) + =" Qx, (47)

whereX; ~ N(0,1), i = 1,...,15. The vectorday, az, az} and matrix@ are defined in [90].

Note that the functiong; — f4 have uniform input random variables. Accordingly the PC trend in PC-Kriging is
built up from multivariate Legendre polynomials. In contrgist fs have Gaussian input random variables. Thus the
PC trend is modeled by multivariate Hermite polynomials (see Table 1).
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5.2 Analysis

At the beginning of each algorithm the experimental design is generated with the Latin-hypercube sampling tech-
nigue [91]. Then the meta-modeling is processed applying the four previously discussed meta-modeling techniques,
i.e., ordinary Kriging, PCE, SPC-Kriging and OPC-Kriging. Note that for the Kriging meta-models, the maximum
likelihood formulation [Eq. (29)] in combination with the gradient-based BFGS optimization algorithm is used in
order to compute the optimal correlation parameters.

Their performance is compared by means ofrtative generalization errgiwhich is defined as the ratio between
the generalization error [Eq. (16)] and the output variance:

E[(v - v®eo)?]

= 4
Cgen Var[Y] (48)
The error is estimated here using a large validatioXset {z") ..., (™} of sizen = 10°, which results in
. L~ N2
Sy (M@) - M)
Egen ~ ) (49)

S (Ma@) - )

wherey, is the mean value of the set of exact model responses over the validatiihse{y(!), ...y} =
{M(xD), ..., M(x(™)}. For all Kriging-based approaches, the meta-moliir) is the prediction meap, (z).
Note that the samples ¥ follow the distribution of the input variableX in order to obtain a reliable error estimate.

For each experimental setup, the analysis is replicated to account for the statistical uncertainties in the experimental
design. Fifty independent runs of the full analysis are carried out and the results are represented using boxplots. In
a box plot the central mark represents the median value of the 50 runs, the edges are the 25th and 75th percentile
denoted byy,; andgrs. The whiskers describe the boundary to the outliers. Outliers are defined as the values smaller
thangas — 1.5 (g75 — ga5) or larger thanyzs + 1.5 (g75 — g25).

5.3 Results
5.3.1 Visualization of PC-Kriging’s behavior

The different types of meta-models are illustrated in Fig. 4, which shows a two-dimensional contour plot of the output
of the Rastrigin functiony = 128 samples) [Fig. 4(a)] and its approximations by PCE, ordinary Kriging, and PC-
Kriging [Fig. 4(b)-4(d)]. The Rastrigin function has a highly oscillatory behavior on the entire input space as seen in
Fig. 4(a). This behavior is difficult to meta-model with a small number of samples because many local minima/maxima
are missed out.

The analytical formulation of the Rastrigin function is a combination of a quadratic component and a high-
frequency trigonometric component. The PCE model in Fig. 4(c) captures the global characteristic of the function,

(a) Rastrigin function (b) Ordinary Kriging (c) PCE (d) PC-Kriging
FIG. 4: Rastrigin function—Visual composition of PC-Kriging.
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i.e., the quadratic component, whereas the ordinary Kriging model in Fig. 4(b) approximates the local characteris-
tics, i.e., the high-frequency trigonometric component. Finally, the combination of PCE and Kriging leads to a better
meta-model as shown in Fig. 4(d).

Note that the meta-models in Fig. 4 have a high accuracy around the origin of the coordinate system due to the
definition of the input vector PDF as standard normal distributigfis~ A/(0, 1)).

5.3.2 Small Experimental Design

The four meta-modeling techniques are compared for the six analytical functions using experimental designs of in-
creasing size. The number of samples is chosen so that it yields a large range of relative generalization errors on the
second axis. The results are illustrated in Fig. 5-10. In each figure (a) shows the ordinary Kriging model and (b) shows
the PCE model. The new approaches SPC-Kriging and OPC-Kriging are shown in (c) and (d), respectively.

Figure 5 shows the relative generalization error for the various meta-modeling techniques for the Ishigami func-
tion. For a small sample size df = 20 samples, ordinary Kriging performs best with respect to the median value
of the box plots. SPC-Kriging and OPC-Kriging perform worse due to the effect of overfitting (see also Section 2.3).
The number of parameters to be estimated in the case of PC-Kriging is larger than in the case of ordinary Kriging due

to the number of polynomials in the trend of the Kriging model. Thus, OPC-Kriging (and also SPC-Kriging) are more
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FIG. 5: Ishigami function—Relative generalization error [Eq. (49)] for the various meta-modeling approaches.
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FIG. 10: O’'Hagan function—Relative generalization error [Eq. (49)] for the various meta-modeling approaches.

prone to overfitting than ordinary Kriging for small experimental designs. When the number of samples is increased,
however, the two PC-Kriging approaches perform better than the traditional approaches because their median value
and their variation of the error are lower. For the large sample si¥es £0), PC-Kriging performs similarly to PCE,
though slightly better. OPC-Kriging is slightly more accurate than SPC-Kriging over the whole range of sample sizes.

Figure 6 presents the results of the Rosenbrock function, which is a purely polynomial function and can be mod-
eled accordingly with a small number of polynomials based on a small number of points in the experimental design
(e.g., in the case of PCE). This is the reason why the number of points lies Withing, . .., 20. Highly accurate
surrogate models are obtained with only 20 samples. For small sample sizes OPC-Kriging performs best among the
four techniques in terms of the relative generalization error.

The Sobol’ function is more complex than the two previous functions because of the dimensiaWality8f and
the nonsmooth behavior af = 0.5. Thus more samples are needed to obtain a similar range of relative generalization
errors compared to the previous functions, as seen in Fig. 7. Behaviors for the larger sampl¥ sizé4, (128) are
very similar among the meta-modeling approaches, although PC-Kriging performs slightly better than the traditional
PCE and ordinary Kriging approaches. For very small sample sizes (6, 32), OPC-Kriging performs significantly
better than the others.

Figure 8 shows the results for the Morris function. A large experimental design is required to properly surrogate
the computational model because of the high dimensionality of the input \&céord the amount of interactive terms
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of different input variablesy; in the analytical formulation [see Eq. (45)]. The relative generalization error of the two
PC-Kriging approaches resembles more the one of ordinary Kriging than the one of PCE in this case. PCE is not
capable of modeling this analytical function with a small number of samples.

The results associated with the Rastrigin function are shown in Fig. 9. Despite the low dimensionality of the
input (M = 2), many samples are needed to obtain small error estimates. This is because the function output is
highly oscillatory over the entire input space as previously illustrated in Fig. 4. In comparison to Section 5.3.1, which
describes the qualitative performance of PC-Kriging on the Rastrigin function, the quantitative benefit of combining
PCE and Kriging becomes visible in Fig. 9: PC-Kriging performs better than the traditional approaches. Ordinary
Kriging performs the worst followed by PCE. OPC-Kriging has statistically the lowest relative generalization errors
over the whole range of experimental design sizes.

Figure 10 displays the results associated with the O’Hagan function. Similarly to the Morris function, the perfor-
mance of PC-Kriging in the case of the O’Hagan function resembles that of ordinary Kriging whereas PCE performs
worse than the other three approaches. Over the entire displayed range of experimental designs in Fig. 10, the per-
formance of OPC-Kriging is slightly better than the performance of SPC-Kriging and ordinary Kriging. Note that
meta-modeling the O’'Hagan function requires less samples in the experimental design to obtain the same accuracy as
in the case of the Rastrigin function despite the fact that the O’'Hagan function has a 15-dimensional input space and
that both functions are very smooth.

Summarizing the results of all six analytical functions in Figs. 5-10, the proposed PC-Kriging approaches perform
better than or at least as good as the traditional PCE and Kriging approaches. Note that for functions like O’'Hagan
(Fig. 10) and Morris (Fig. 8) the performance of PC-Kriging is more similar to Kriging than PCE, whereas for the
other functions the performance of PC-Kriging resembles more that of PCE. As one could expect, there is no general
rule so as to decide whether PCE or Kriging provide the most accurate meta-models for a given experimental design.
The advantage of PC-Kriging is to perform as least as well as the best of the two.

The combination of PCE and Kriging and its increased accuracy comes with a higher computational cost. The
traditional ordinary Kriging and PCE approaches have the lowest computational cost, SPC-Kriging has an intermediate
and OPC-Kriging has the highest cost. The high cost of OPC-Kriging originates from the iterative character of the
algorithm and the accompanying repetitive calibration of Kriging models. OPC-Kriging computes LAR and calibrates
P Kriging models with increasing complex trend, whereas ordinary Kriging consists of a single calibration of a
Kriging model with constant trend. For a single calibration of a surrogate of the Ishigami function (experimental
design of sizeV = 128 samples) the ratio of computational times when comparing PCE to ordinary Kriging, SPC-
Kriging and OPC-Kriging is approximately: 5, 1 : 20, and1 : 200, respectively.

Note that it is intended to apply these techniques to realistic problems where the evaluation of the exact computa-
tional model response lasts much longer than the computation of a meta-model. The apparent computational overload
of OPC-Kriging will not be anymore an issue in many practical applications.

5.3.3 Large Experimental Designs

When the resources for experiments are limited, the focus lies on doing as few computational model runs as possible
as discussed in the previous section. In order to describe the entire behavior of the meta-modeling approaches, the
Ishigami function is also studied now for larger experimental designs in order to assess the convergence of the various
schemes. Results are shown in Fig. 11. This figure illustrates the evolution of the relative generalization error from
small to large sample sizes on tlogarithmic (base 10) scale. The error measure decreases fast when enlarging the
sample set because the Ishigami function is composed of sine and cosine functions which can be approximated well
with series of polynomials, e.g., as in a Taylor expansion. Thus PCE is the dominating effect for PC-Kriging.

For large sample sizes, ordinary Kriging is outperformed by the other three approaches. Kriging in general works
well with small sample sizes. If too many samples are used, the interpolation algorithm becomes unstable due to
singularities and bad conditioning in the auto-correlation matrix. If a large sample size is available, regional Kriging
models on a subset of samples, e.g., the neighboring samples, are more suitable [84].

The performance of PC-Kriging and also PCE for a large number of samples (here 128 and 256 samples in
Fig. 11) is on the order of magnitude of the machine computation precision. Errors argune: 10~'2 originate
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FIG. 11: The Ishigami function—Relative generalization error [Eq. (49)] associated with large experimental designs
for the various meta-modeling approaches.

from numerical round-off errors which are not reducible by adding more samples. It is questionable though, whether
in reality such a high accuracy in the meta-model prediction is needed.

5.3.4 Evolution of the error measures

The OPC-Kriging algorithm includes the tracking of the LOO error to optimally choose the sparse set of orthonormal
polynomials. The evolution of the LOO error for the Ishigami function and a sample si2é ef 128 samples

is presented in Fig. 12. The experimental-design-based LOO error (dashed, red line) is compared to the relative
generalization error which is shown as the solid black line.

The first point to notice is that the LOO error slightly underpredicts the true value of the relative generalization
error for all sizes of polynomial sets. This is because the LOO error is based solely on the information contained in
the experimental design samples whereas the relative generalization error is based on a large validation®dt (
Although there is an inherent underprediction, the overall behavior of the two error measures is similar. Thus the
choice of the optimal set of polynomials for the OPC-Kriging can be based on the LOO error, which is obtained as
a by-product of the procedure used to fit the parameters of the PC-Kriging model. In the example case of Fig. 12,
choosing only half of the polynomials, i.ef, = 27 leads to a meta-model which is almost as accurate as using
all 56 polynomials. The optimal set of polynomials can be chosen at the point where the decrease in LOO error
becomes insignificant. This reduces the number of polynomials needed and thus also reduces the complexity of the
OPC-Kriging meta-model.

——gen. error
——LOO0O error

error

0 10 20 30 40 50 60
number of polynomials

FIG. 12: Evolution of the leave-one-out error (LOO) and relative generalization error inside the OPC-Kriging algo-
rithm as a function of the number of polynomials in the regression part.
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6. CONCLUSION

In the context of increasing computational power, computational models in engineering sciences have become more
and more complex. Many analyses such as reliability assessment or design optimization require repeated runs of such
computational models which may be infeasible due to resource limitations. To overcome these limitations computa-
tional models are approximated by easy-to-evaluate functions called meta-models.

This paper summarized the principles of two popular nonintrusive meta-modeling techniques, namely polyno-
mial chaos expansions (PCE) and Kriging (also called Gaussian process modeling). Then the combination of the
two approaches to a new meta-modeling approach called polynomial-chaos-Kriging (PC-Kriging) is proposed. Two
formulations of PC-Kriging are introduced in this paper, namely optimal-PC-Kriging (OPC-Kriging) and sequential-
PC-Kriging (SPC-Kriging). SPC-Kriging employs first a least-angle-regression (LAR) algorithm to determine the
optimal sparse set of orthonormal polynomials in the input space. Then, the set of polynomials is used as the trend of
a universal Kriging meta-model. OPC-Kriging employs the same least-angle-regression algorithm as SPC-Kriging, yet
iteratively adds polynomials to the trend part of the universal Kriging model one-by-one, and fit the hyper-parameters
of the auto-correlation function in each iteration. In this case polynomials are added to the trend in the order they
are selected by the LAR algorithm. Based on the LOO error the best meta-model is found to be the OPC-Kriging
meta-model.

The performance of the four approaches (ordinary Kriging, PCE, SPC-Kriging, OPC-Kriging) is compared in
terms of the relative generalization error on benchmark analytical functions. The results show that PC-Kriging is
better than, or at least as good as the distinct approaches for small experimental designs. Specifically, OPC-Kriging
is preferable to SPC-Kriging as it reduces the number of polynomials in the regression part and thus reduces the
complexity of the meta-model, at a computational calibration cost which is however higher than that of SPC-Kriging.

The analysis of the performance of PC-Kriging is limited to some benchmark analytical functions in this paper.
The ongoing research applies PC-Kriging to realistic engineering problems such as reliability analysis or design
optimization. The idea of adaptive experimental designs (also called design enrichment) is introduced in order to
increase the accuracy of the surrogate in some specific regions of the input space (e.g., close to the zero-level of the
limit state function in reliability analysis) instead of everywhere. The initialization of the iterative algorithm is a small
initial experimental design to which points are added in regions of interest. These added points will then increase
the quality of the meta-model specifically in those regions. Preliminary ideas developed in [85, 92, 93] are currently
investigated in detail.
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