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A variant of the s-version of the finite element method (hereafter coined the s-method) for concurrent multiscale cou-

pling is developed. The proposed method is inspired by a combination of the s-version of the finite element method and

the Arlequin method. It features a superposition of a local (fine) mesh, which partly overlaps a global (coarse) mesh,

and appropriate homogeneous boundary conditions on both meshes that enforce solution continuity. Its performance

in terms of accuracy and computational efficiency in solving a class of multiscale continuum mechanics problems is

evaluated by virtue of comparison to the fine reference single mesh and the Arlequin method. Numerical studies are

conducted for one-, two-, and three-dimensional problems. For select local and global meshes, the cause of accuracy

gains in comparison to the Arlequin method, while having almost the same gain in CPU time, with respect to the

discrete single fine mesh for both approaches, is explained.

KEY WORDS: s-method, Arlequin method, concurrent multiscale, enrichment, coupling, finite element
method

1. INTRODUCTION

Multiscale simulation of materials and structures is one ofthe research frontiers in the fields of material science and
industrial engineering. Computational multiscale approaches can be categorized into hierarchical methods, which can
be either one- or two-way coupled, and concurrent methods. The above three methods are aimed at different multi-
scale issues. In the one-way coupled hierarchical method, the fine-scale information is passed onto coarse scale but
not vice versa. Linear computational homogenization and various nonlinear coarse-graining schemes, which focus on
determining effective macroscopic properties, fall into the category of one-way coupled hierarchical methods. The
two-way coupled hierarchical methods (Fish et al., 1999; Fish, 2013; Feyel, 1999; Guo and Zhao, 2014) repeatedly
solve a nonlinear boundary value problem at a fine scale at each coarse-scale quadrature point. Finally, the concurrent
multiscale methods are closely related to domain decomposition approaches that either link different mathematical
models described by various physics and/or scales or identical mathematical models having distinctly different dis-
cretization resolution. Concurrent methods are typicallyemployed to model nonperiodic solutions, such as localized
failure. For concurrent methods, linking various mathematical models, such as atomistic and continuum descriptions,
the reader is referred to (Fish, 2006, 2007; Xiao and Belytschko, 2004; Xu and Belytschko, 2008; Ben Dhia and
Elkhodja, 2007; Bauman et al., 2008).
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Concurrent methods can be further classified based on how solution is decomposed, i.e., enriched or coupled
(Duval et al., 2016). Coupling schemes can be either overlapping or coexistent, and the interface (or interphase)
can be of the same or lower dimensional manifold (Fish et al.,1999). Finally, the solution approaches can be either
iterative or direct (Gendre et al., 2009).

In the enrichment-based concurrent methods, the total solution u is decomposed into coarse-scaleuG and fine-
scale correctionuL. A wide range of these methods differ in the approximations of uG anduL, the selection of the
interfaceΓGL and the solution of the global-local system of equations (Fish and Shek, 2000). Among the noteworthy
enrichment methods are the variational multiscale method (VMM) (Hughes, 1995), the generalized finite element
method (GFEM) (Strouboulis et al., 2000), and the extended FEM (XFEM) (Belytschko and Black, 1999), with the
latter two based on the partition of unity method (PUM) (Melenk and Babuška, 1996).

In the concurrent coupling schemes, coupling between subdomains is typically weekly enforced using mortar
FEMs (Bernardi et al., 1990a,b; Belgacem, 1999) or the Arlequin framework (Ben Dhia, 1998; Ben Dhia and Rateau,
2005). The Arlequin framework introduces an overlapping region in which the two models are coupled using La-
grange multipliers. The dual coupling has been commented byBen Dhia (1999) and Ben Dhia et al. (2008). TheL2

norm and theH1 scalar product coupling operators in the gluing (or interphase) zone have been studied in detail (Ben
Dhia and Rateau, 2001, 2005; Ben Dhia, 2008; Guidault and Belytschko, 2007; Sun and Mota, 2014). The penalty
operator has also been used (Ben Dhia, 1998; Qiao et al., 2011) and the penalty-duality coupling suggested in (Ben
Dhia, 1998). Because of its flexibility in coupling different physics and/or scales, the Arlequin method was adopted
in the commercial Code-Aster (Ben Dhia and Rateau, 2002).

Because of the hierarchical decomposition of approximation space, multigrid solvers are well suited for solving
enrichment-based concurrent schemes. On the other hand, concurrent coupling schemes are typically solved using
finite element tearing and interconnecting (FETI) (Farhat and Roux, 1991; Ben Dhia et al., 2008) and Schwarz alter-
nating methods (Schwarz, 1870; Mota et al., 2017).

The primary objective of the present paper is to study the s-version of the finite element method (Fish, 1992a,b,
1993, 1997; Fan and Fish, 2008; Jiao and Fish, 2015a,b), not as a bubble FE enrichment for which it was originally
developed, but as a concurrent coupling scheme based on a FE-enriched junction. To evaluate the efficiency of this
variant of the s-method, it is compared in terms of accuracy and computational efficiency to the Arlequin method,
widely considered as one of the best concurrent coupling schemes.

The paper is organized as follows: Section 2 briefly reviews the s-method and Arlequin method. The quantitative
comparisons in the accuracy and computational efficiency are conducted in Section 3. In Section 4, we discuss the
consistency and the modeling errors: the cause in accuracy gains of the s-method, for the considered multiscale
continuum mechanics tests, is explained. Concluding remarks are given in Section 5.

2. OVERVIEW OF S-METHOD AND ARLEQUIN METHOD

As a prelude, we start with a brief review of the basic formulations of the s-method and Arlequin method. The point
of departure is a variant of the s-method to link two subdomains via partial overlap and homogeneous boundary con-
ditions on the interconnected domains. In the present paper, we consider concurrent coupling under the assumptions
of infinitesimal deformation, an isothermal quasi-static state, and material nonlinearity.

In the framework conceived originally by Fish (1992a), the s-method features hierarchical decomposition of the
approximation space, i.e., the local mesh is designed as theenrichment to the underlying global mesh. Hence, the
crucial local features, such as crack tips or shear bands, are resolved by the superposition mesh (Fish, 1992b). In the
present paper, the potential of the s-method is explored forconcurrent coupling rather than as an enrichment scheme.
By this approach, the superimposed local domain is positioned partly outside the global mesh similarly to the setup
considered in the Arlequin method (Ben Dhia and Rateau, 2005) as shown in Fig. 1.

Consider a nonlinear solid occupying an open-bounded regular domainΩ ⊂ R3. Its boundary is denoted by
∂Ω, which consists of the prescribed displacement boundary∂uΩ and the prescribed traction boundary∂tΩ, such
that ∂Ω = ∂uΩ ∪ ∂tΩ and∂uΩ ∩ ∂tΩ = ∅. Let b denote the prescribed body force,ū the prescribed boundary
displacement,̄t the prescribed traction, andn the unit normal to the boundary∂tΩ. The domainΩ is partitioned into
subdomainsΩG (coarse mesh representing the global scale) andΩL (fine mesh representing the local refinement
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FIG. 1: Two coupling subdomains and the corresponding boundaries

region), such thatΩG ∪ ΩL = Ω andΩG ∩ ΩL = Ω0, whereΩ0 is the coupling or overlap zone. The measure ofΩ0,
meas (Ω0), is such that meas(Ω0) 6= ∅. For i = G, L, Γi = ∂Ωi/(∂Ωi ∩ ∂Ω) is the portion of∂Ωi which is not part
of ∂Ω. For simplicity, the displacement is imposed on the portionof ∂uΩG of ∂ΩG ∩ ∂Ω and the surface traction is
imposed only on the portion of∂tΩG of ∂ΩG ∩ ∂Ω.

We start by considering a weak form without partitioning theproblem domain, which states:
Findu ∈ U such that

a(u, v) = l(v), ∀v ∈ V (1)

whereU , V are the trial solution and the test function spaces, respectively, defined as follows:

U = {u|u ∈ H1(Ω), u = ū on ∂uΩ} (2)

V = {v| v ∈ H1(Ω), v = 0 on ∂uΩ} (3)

The internal virtual work is given by the bilinear form

a(u, v) =

∫

Ω

σ(u) : ε(v)dΩ (4)

whereas, the external virtual work is defined by the linear form

l(v) =

∫

Ω

v · bdΩ +

∫

∂sΩ

v · t̄dΓ (5)

The constitutive equation is denoted as follows:

σ = σ(ε(u), ξ) in Ω (6)

whereξ denotes internal state variables.
We refer to the exact solution of a single domain model (1) as the exact solution, denoted herein asu∗.

2.1 S-Method

In the variant of the s-method considered herein, the displacement is decomposed into the coarse-scale or global mesh
uG and the fine-scale or local meshuL. Homogeneous boundary conditions are imposed to maintainC0 continuity
as described below. The displacements in different subdomains are defined as follows:

u =











uG in ΩG/(Ω0)

uG + uL in Ω0

uL in ΩL/(Ω0)

(7)
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with the following homogeneous boundary conditions:

uL = 0 on ΓL

uG = 0 on ΓG (8)

Assuming the displacements and surface traction are imposed only on∂ΩG ∩ ∂Ω, the trial solution and the test
function spaces are defined as follows:

UG = {uG
∣

∣uG ∈ H1(ΩG), uG = ū on ∂uΩ
G, uG = 0 on ΓG} (9)

VG = {vG
∣

∣ vG ∈ H1(ΩG), vG = 0 on ΓG ∪ ∂uΩ
G} (10)

UL = {uL
∣

∣uL ∈ H1(ΩL), uL = 0 on ΓL} (11)

VL = {vL
∣

∣ vL ∈ H1(ΩL), vL = 0 on ΓL} (12)

The test functions, similarly to the trial solution, inΩG ∩ ΩL are decomposed as follows:

v = vG + vL (13)

Assuming infinitesimal deformation, the strains are linearly decomposed as follows:

ε = εG + εL (14)

ε(v) = ε(vG) + ε(vL) (15)

Let us define the following weak problem:
Find (uG, uL) ∈ UG × UL such that

∀(vG, vL) ∈ VG × VL

aS(uG + uL, vG + vL) = lS(vG + vL)
(16)

where

aS(uG + uL, vG + vL) =

∫

Ω0

σ(uG + uL) : ε(vG + vL)dΩ

+

∫

ΩG/Ω0

σ(uG) : ε(vG)dΩ +

∫

ΩL/Ω0

σ(uL) : ε(vL)dΩ
(17)

lS(vG + vL) =

∫

ΩG

vG · bdΩ +

∫

ΩL

vL · bdΩ +

∫

∂sΩ
G

vG · t̄dΓ (18)

We next introduce the spatial discretization for the primary fields and test functions as follows:

uG
i = NG

iαd
G
α ∈ (UG)h, vGi = NG

iβc
G
β ∈ (VG)h (19)

uL
i = NL

iΛd
L
Λ ∈ (UL)h, vLi = NL

iΠc
L
Π ∈ (VL)h (20)

where(UG)h ⊂ UG, (UL)h ⊂ UL, (VG)h ⊂ VG, and(VL)h ⊂ VL are finite-dimensional subspaces spanned by
the corresponding interpolation functions;i = 1, K, nsd, wherensd denotes the number of space dimensions;NG

iβ

andNL
iΠ areC0 continuous shape functions of the coarse and fine meshes, respectively;(α, β) = 1,K, NG

dof, where
NG

dof denotes the number of degrees of freedom in the coarse meshΩG; (Λ, Π) = 1, K, nL
dof, wherenL

dof denotes
the number of degrees of freedom in the fine meshΩL; dG is the vector of nodal displacements of the coarse mesh
and its components corresponding to nodal points onΓG ∪ ∂uΩ

G should satisfy the prescribed kinematic constrains;
cG is the vector of virtual nodal displacements in the coarse mesh and its components associated with nodal points
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belonging toΓG ∪ ∂uΩ
G must vanish in accordance with the definition ofVG; anddL, cL are the vectors of nodal

displacements and virtual nodal displacements in the fine mesh, respectively.
The discretized global and local strains are given by

εGij = BG
ijαd

G
α , ε

L
ij = BL

ijΛd
L
Λ

(21)

where

BG
ijα =

1
2

(

∂NG
iα

∂xj
+

∂NG
jα

∂xi

)

BL
ijΛ =

1
2

(

∂NL
iΛ

∂xj
+

∂NL
jΛ

∂xi

) (22)

Substituting the discrete form in (19)–(22) into (16) yields

rGα = f int,G
α − fext,G

α = 0 (23)

rL
Λ
= f int,L

Λ
− fext,L

Λ
= 0 (24)

where

f int,G
α =

∫

Ω0

BG
ijασij(ε(d), ξ)dΩ +

∫

ΩG/Ω0

BG
ijασ

G
ij(ε(d

G), ξG)dΩ (25)

fext,G
α =

∫

ΩG

NG
iαbidΩ +

∫

∂sΩ
G

NG
iαt̄idΓ (26)

f int,L
Λ

=

∫

Ω0

BL
ijΛσij(ε(d), ξ)dΩ +

∫

ΩL/Ω0

BL
ijΛσ

L
ij(ε(d

L), ξL)dΩ (27)

fext,L
Λ

=

∫

ΩL

NL
iΛbidΩ (28)

Because only material nonlinearity is considered, the linearized incremental equations yield the tangent stiffness
matrix

K =

[

KGG KGL

KLG KLL

]

(29)

where submatrices in (29) expressed in the indicial notation are given by

KGG
αβ =

∂rGα
∂dGβ

=

∫

ΩG

BG
ijαLijklB

G
klβdΩ (30)

KLL
ΛΠ

=
∂rL

Λ

∂dL
Π

=

∫

ΩL

BL
ijΛLijklB

L
klΠdΩ (31)

KGL
αΠ =

∂rGα
∂dL

Π

=

∫

Ω0

BG
ijαLijklB

L
klΠdΩ (32)

and

Lijkl =
∂σij

∂εkl
(33)
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2.2 Arlequin Method

In the Arlequin method, a partition of unity of the parameters functions, representing an appropriately chosen relative
weight for each model in the overlap, and Lagrange multipliers, are introduced to enforce weak compatibility between
the two subdomains, where the global and local models are defined, respectively.

To define the Arlequin weak form, we introduce the trial solution and the test function spaces of the coarse and
fine fields as follows:

UG = {uG
∣

∣uG ∈ H1(ΩG),uG = ū on ∂uΩ
G} (34)

VG = {vG
∣

∣vG ∈ H1(ΩG),vG = 0 on ∂uΩ
G} (35)

UL = {uL
∣

∣uL ∈ H1(ΩL)} (36)

VL = {vL
∣

∣ vL ∈ H1(ΩL)} (37)

By theoretical arguments, the Lagrange multiplier is to be sought in the dual space ofH1(Ω0). But for practical
reasons and by using mathematical classical results, the Lagrange multiplier is represented in the (primal) space
H1(Ω0). Thus, its trial solution and the test function spaces can bedefined as: (see, Ben Dhia, 2008)

Uλ = {λ|λ ∈ H1(Ω0)} (38)

Vλ = {vλ|vλ ∈ H1(Ω0)} (39)

The weak form of the problem is then described as follows:
Find (uG,uL,λ) ∈ UG × UL × Uλ, such that

∀(vG,vL,vλ) ∈ VG × VL × Vλ















aG(uG,vG) + C(λ,vG) = lG(vG)

aL(uL,vL)− C(λ,vL) = lL(vL)

C(vλ,uG − uL) = 0

(40)

where the bilinear and linear forms are defined as follows

aG(uG,vG) =

∫

ΩG

αGσ(uG,ξG) : ε(vG)dΩ (41)

aL(uL,vL) =

∫

ΩL

αLσ(uL,ξL) : ε(vL)dΩ (42)

lG(vG) =

∫

ΩG

βGvG · bdΩ +

∫

∂sΩ
G

βGvG · t̄dΓ (43)

lL(vL) =

∫

ΩL

βLvL · bdΩ (44)

The coupling operatorsC based on theH1 coupling are defined by

C(u,v) =

∫

Ω0

[u · v + l2ε(u) : ε(v)]dΩ (45)

where l represents the characteristic dimension of the coupling zoneΩ0 and l has units of a length. Herein,l is
assumed to be equal to the characteristic size of the fine mesh.
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The energy partition depends on the parametersαG, αL, which that satisfy










αG = 1 in ΩG/(Ω0)

αL = 1 in Ω0

αG + αL = 1 in ΩL/(Ω0)

(46)

The external work parametersβG, βL are not necessarily identical toαG, αL. Nevertheless, herein we select
βG = αG, βL = αL in the numerical examples.

The spatial discretization for the primary fields and test functions is defined as follows:

uG
i = NG

iαd
G
α ∈ (UG)h, vGi = NG

iβc
G
β ∈ (VG)h (47)

uL
i = NL

iΛd
L
Λ
∈ (UL)h, vLi = NL

iΠc
L
Π
∈ (VL)h (48)

λi = Nλ
iAd

λ
A ∈ (Uλ)h, vλi = Nλ

iSc
λ
S ∈ (Vλ)h (49)

where(UG)h ⊂ UG, (UL)h ⊂ UL, (Uλ)h ⊂ Uλ, (VG)h ⊂ VG, (VL)h ⊂ VL, and (Vλ)h ⊂ Vλ are finite-
dimensional subspaces spanned by the corresponding interpolation functions;NG

iα andNL
iΛ are the usualC0 continu-

ous shape functions inΩG, ΩL, respectively. Herein, we follow commonly employed approach in Arlequin [see (Ben
Dhia and Rateau, (2001) and Guidault and Belytschko, (2007)] by whichNλ

iA is C0 continuous shape functions on
Ω0. (α,β) = 1,K, nG

dof; (Λ,Π) = 1,K, nL
dof; (A,S) = 1,K, nλ

dof; wherenG
dof, n

L
dof, andnλ

dof denote the correspond-
ing number of degrees of freedom, respectively;dG, dL, anddλ are the vectors of nodal values of the primary fields
andcG, cL, andcλ are the corresponding virtual nodal values, respectively.

Assuming infinitesimal deformation, the strain reads as follows:

εGij = BG
ijαd

G
α , ε

L
ij = BL

ijΛd
L
Λ, ε

λ
ij = Bλ

ijAd
λ
A (50)

where

BG
ijα =

1
2

(

∂NG
iα

∂xj
+

∂NG
jα

∂xi

)

BL
ijΛ =

1
2

(

∂NL
iΛ

∂xj
+

∂NL
jΛ

∂xi

)

Bλ
ijA =

1
2

(

∂Nλ
iA

∂xj
+

∂Nλ
jA

∂xi

)

(51)

Substituting the above spatial discretizations into the weak form (40) yields

rGα = αGf int,G
α − βGfext,G

α + CGλ
αS d

λ
S = 0 (52)

rLΛ = αLf int,L
Λ

− βLfext,L
Λ

− CLλ
ΛSd

λ
S = 0 (53)

rλA = CGλ
Aβd

G
β − CLλ

AΠ
dL
Π
= 0 (54)

where

f int,G
α =

∫

ΩG

BG
ijασ

G
ij(ε(d

G),ξG)dΩ (55)

fext,G
α =

∫

ΩG

NG
iαbidΩ +

∫

∂sΩ
G

NG
iαt̄idΓ (56)

f int,L
Λ

=

∫

ΩL

BL
ijΛσ

L
ij(ε(d

L),ξL)dΩ (57)
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fext,L
Λ

=

∫

ΩL

NL
iΛbidΩ (58)

CGλ
αS =

∫

Ω0

(NG
iα ·Nλ

iS + l2BG
ijα ·Bλ

ijS)dΩ (59)

CLλ
ΛS =

∫

Ω0

(NL
iΛ ·Nλ

iS ·+ l2BL
ijΛ ·Bλ

ijS)dΩ (60)

Considering material nonlinearity only, linearization ofthe residuals yields the tangent stiffness matrix given by

K =









αGKGG 0 CGλ

0 αLKLL −CLλ

(CGλ)T −(CLλ)T 0









(61)

where submatrices in (61) expressed in the indicial notation are given by

KGG
αβ =

∂rGα
∂dGβ

=

∫

ΩG

BG
ijαL

G
ijklB

G
klβdΩ (62)

KLL
ΛΠ

==
∂rL

Λ

∂dL
Π

=

∫

ΩL

BL
ijΛL

L
ijklB

L
klΠdΩ (63)

and

LG
ijkl =

∂σG
ij

∂εGkl
, LL

ijkl =
∂σL

ij

∂εLkl
(64)

Remark 1. The classical displacement continuityuG −uL = 0 in theL2 weak sense can be seen as Eq. (65), while
theH1 coupling weakly enforces(uG − uL)− l2∆(uG − uL) = 0.

C(u, v) =

∫

Ω0

u · vdΩ (65)

As a matter of fact, theL2 coupling leads to an ill-posed continuous Arlequin problembut can be given a sense in the
discretized Arlequin problem (Ben Dhia, 2008).

3. QUANTITATIVE COMPARISONS BETWEEN THE TWO METHODS

In this section, the accuracy and computational efficiency of the two methods are compared quantitatively.

3.1 One-Dimensional Model Problem

In this example, a one-dimensional model problem of an elastic bar (EA = ρg = 1, L = 11) is considered. The
meshes for the s-method and Arlequin method are depicted in Fig. 2.

The error in the energy norm is computed with respect to a reference fine mesh. The error in the energy norm is
defined as follows:

‖e‖ =

√

∫

ΩL

(εref − ε)T : L : (εref − ε)dΩ (66)

The relative error in energy norm is

η =
‖e‖

‖u‖
=

√

∫

ΩL (εref − ε)T : L : (εref − ε)dΩ
√

∫

ΩL (εref)T : L : (εref)dΩ
(67)
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(a)

(b)

(c)

FIG. 2: Finite element meshes for the s-method (a), Arlequin method(b), and reference fine solution (c)

whereεref andε are strains obtained by the reference fine mesh and one of the coupling schemes (the s-method or
Arlequin method), respectively.

The body force is defined as follows:

b(x) = sin

[

2π
T

(x− 5)

]

(5 6 x 6 11) (68)

is applied in the local mesh. Relative errors in the energy norm of the and s-method and Arlequin (with linear contin-
uous function) method are shown in Fig. 3.

It is observed that the relative error in the energy norm of the s-method is lower than in the Arlequin method for
all load frequencies considered. As the load periodT increases, the errors of the two methods reach an asymptotic
value.

(a) (b)

FIG. 3: Relative error in the energy norm of the (a) the s-method and (b) the Arlequin method
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3.2 2D-2D Coupling for Fracture Analysis

Herein, we consider a plate with a crack subjected to tensileand shear loadings, respectively (Fig. 4). The problem
has been studied by Guidault and Belytschko (2007) in the context of the Arlequin method. A plane strain condition is
considered. Material parameters areE = 2 × 105 MPa andυ = 0.3. The geometry parameters are:a = 3.5 mm,L =
16 mm, andw = 7 mm (see Fig. 4 for definition). Figure 5 depicts the meshes (for the global domain discretization,
but only shows the mesh in the coupling zone) used in the coupling schemes. In the Arlequin method, the Lagrange
multiplier field and the coarse fields are spanned by the same set of basis functions.

The analytical values of the stress intensity factors SIF are as follows:

• Tensile loading (pure mode I):K0
I = 9.3721 MPa mm1/2.

• Shear loading (mixed mode II):K0
I = 34.00 MPa mm1/2 andK0

II = 4.55 MPa mm1/2.

The extraction of the SIF is obtained using J-integrals. Thenormalized errors obtained from various approaches
are summarized in Tables 1 and 2. It can be seen that the s-method leads to consistently more accurate results. Among
the various coupling schemes in the Arlequin method, theL2 coupling and theH1 coupling with linear weighting
functions give rise to higher accuracy, which is consistentwith observations made in Guidault and Belytschko (2007).

FIG. 4: Structure with a traction-free crack in pure mode I (tensileloading,σ = 1 MPa) and in mixed mode II (shear loading,τ =

1 MPa); computational conditions of the two methods

FIG. 5: Fine mesh forΩL and coarse mesh forΩG (thick line, only shows the coupling zone) using in the coupling schemes
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TABLE 1: Mode I case: value and normalized value of the stress intensity factor

— Fine s-Method
Arlequin

H1-linear H1-constant (0.99) H1-constant (0.5) L2-linear
|(KI −K0

I )/K
0
I | × 100% 0.001 0.108 0.150 0.436 0.703 0.236

TABLE 2: Mixed mode II case: value and normalized value of the stress intensity factors

— Fine s-Method
Arlequin

H1-linear H1-constant (0.99) H1-constant (0.5) L2-linear
|(KI −K0

I )/K
0
I | × 100% 0 0.118 0.176 2.471 2.176 0.235

|(KII −K0
II )/K

0
II | × 100% 0.132 0.154 0.198 0.022 0.176 0.198

We now study the normalized local error in the energy norm defined as follows:

ηe,L =
||u− uref||Ωe,L

||uref||ΩL

(69)

whereuref andu are displacements in the reference fine mesh and one of the coupling schemes,Ωe,L denotes element
domains inΩL and

||u||Ω =

√

1
meas(Ω)

∫

Ω

ε(u) : L : ε(u)dΩ (70)

The total values
∑

ΩL

ηe,L and
∑

ΩL/Ω0

ηe,L are summarized in Table 3. The distributions of the local errors are depicted

in Figs. 6 and 7. The distribution of local errors is consistent with previous observations suggesting higher accuracy
of the s-method and superior performance of linear weighting functions in the Arlequin method.

3.3 3D-3D Large-Scale Nonlinear Coupling

Herein, we consider an earth-rockfill dam with a small-scalecutoff wall buried in the deep overburden. Figure 8
depicts the maximum cross section and longitudinal profile of the dam. The height of the dam is 200 m, and the depth
of the overburden is 100 m; the thickness of the cutoff wall is1.2 m. The length of the cutoff wall is 63 m, where 60
m is in the overburden. The normal pool level is 190 m. The soil, core, overburden, thin-layer, and high plastic clay
are all modeled using the Duncan-ev model (Duncan and Zhang, 1970), and the cutoff wall is modeled using ideal
elastic-plastic Mohr-Coulomb model. Material parametersare listed in Table 4. The meshes for various methods are
depicted in Fig. 9. The fine and coarse mesh without any coupling are also considered as a reference solution. The
H1 coupling with constant weighting functions (αL = 0.99) and the coarse mediator space for Lagrange multipliers
are employed for the Arlequin method.

TABLE 3: Total relative errors in local region

— — s-Method
Arlequin

H1-linear H1-constant (0.99) H1-constant (0.5) L2-linear

Mode I Case

∑

ΩL

ηe,L
0.165 0.251 0.648 0.724 0.271

∑

ΩL/Ω0

ηe,L
0.041 0.057 0.135 0.215 0.072

Mixed Mode II Case

∑

ΩL

ηe,L
0.189 0.298 0.731 0.816 0.314

∑

ΩL/Ω0

ηe,L
0.039 0.063 0.164 0.255 0.074
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(a) (b)

(c) (d)

(e)

FIG. 6: Tensile loading case: error mapηe,L from various methods: (a)L2 coupling–linear weighting function, (b)H1coupling–
linear weighting function, (c)H1 coupling–constant weighting function (αL

= 0.99), (d)H1 coupling–constant weighting func-
tion (αL

= 0.5), and (e) s-method
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(a) (b)

(c) (d)

(e)

FIG. 7: Shear loading case: error mapηe,L from various methods: (a)L2 coupling–linear weighting function, (b)H1 coupling–
linear weighting function, (c)H1 coupling–constant weighting function (αL

= 0.99), (d)H1 coupling–constant weighting func-
tion (αL

= 0.5), and (e) s-method
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(a) (b)

FIG. 8: High earth-rockfill dam with deep overburden and its cutoff wall (unit: m): (a) maximum cross section and (b) maximum
longitudinal section

TABLE 4: Material parameters

Material
Saturated

Unit Weight
c

(KPa)
ϕ

(deg)
Duncan-ev Parameters

Yield
Stress

Elastic
Modulus

Passion’s
Ratio

(g/cm3) K n Rf G F D Kur (KPa) (KPa)
Soil 2.3 0 45 1050 0.37 0.71 0.3 0.09 5.8 2100 — — —
Core 2.22 35 33 447 0.4 0.75 0.39 0.05 1.9 900 — — —

Overburden 1.99 50 34 800 0.43 0.73 0.44 0.1 2 1500 — — —
Thin Layer 1.2 3 10 100 0.45 0.5 0.3 0.04 0.50 150 — — —
High Plastic

Clay
1.55 39 23 110 0.46 0.88 0.46 0.18 1 220 — — —

Cutoff Wall 2.5 2000 48 — — — — — — — 20,000 3 × 107 0.167

The distributions of stress (stress positive in tension), force, and moment of the cutoff wall along the depth for
different models are shown in Fig. 10. Assuming that the fine mesh results are almost exact, we can make several
observations: (i) the Arlequin provides added accuracy over the coarse mesh but is considerably less accurate than the
s-method, in particular, in predicting the maximum compressive stress and (ii) in terms of computational efficiency,
both methods provide considerable savings over the fine meshwith the cost of the s-method and Arlequin method
being 20 and 24% of the fine mesh cost (see Table 5), respectively.

4. DISCUSSIONS

In this section, we explain the reasons for superior precision of the s-method, when used with the given local and
global meshes to approximate the problems considered in theprevious section. We first show in Section 4.1 that the
exact solution of the single domain problemu∗ can be recovered by both the s-method and Arlequin method, which
proves the so-called consistency of the two methods. However, once the spatial discretization is introduced, both
methods are expected to have discretization error. The difference in accuracy between the s-method and Arlequin
method in solving the problems considered herein is explained in Section 4.2.

4.1 Consistency of the Two Methods with the Single Domain Model

Consider the multidomain problem in Fig 1. For simplicity, attention is restricted to elastic body, such that, Eq. (6)
becomes

σ = L : ε in Ω (71)

whereL is the linear constitutive tensor.

International Journal for Multiscale Computational Engineering



A Variant of the S-Version of the Finite Element Method 201

FIG. 9: Various meshes of the multiscale analysis of the cutoff wall: (a) s-method and Arlequin model, (b) fine model, and (c)
coarse model

Ben Dhia (2008) proved the proposition that the solution of the linear elasticity single domain problem can be
recovered by the Arlequin solutions. Herein, we give a similar proof for the variant of the s-method.

LetuS defined by
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(a) (b)

(c) (d)

FIG. 10: Results from various methods

TABLE 5: Computational efficiency of the various methods

Elements Nodes
Degrees of Freedom CPU Times

Value
Normalized Value to

the Fine Mesh
Value/s

Normalized Value to
the Fine Mesh

s-Method 212,800 231,329 693,987 0.54 181,329 0.20
Arlequin 265,344 236,033 708,099 0.55 215,491 0.24

Fine 411,952 429,633 1,288,899 — 915,939 —
Coarse 91,392 97,755 293,265 — 21,104 —

uS =











uG in ΩG/Ω0

uG + uL in Ω0

uL in ΩL/Ω0

(72)

be the solution of Eq. (16). The proposition thatuS = u∗ in Ω is proved in two steps. First, we show thatuS is a
unique solution of Eq. (16). SettinguS = u∗, it is a trivial exercise to show thatu∗ is the solution of Eq. (16). Now
assume that there are two solutionsuS

1 , uS
2 of Eq. (16). By choosinguS

1 − uS
2 as a virtual field, one deduces that

∫

Ω

ε(uS
1 − uS

2 ) : L : ε(uS
1 − uS

2 )dΩ = 0 (73)

and sinceL is a positive definite, it follows thatuS
1 = uS

2 ≡ uS .
In the second step we show thatuS = u∗. Consider the virtual displacementvS defined as as follows:

vS =











vG in ΩG/Ω0

vG + vL in Ω0

vL in ΩL/Ω0

(74)
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to be an element ofV , i.e.,vS ∈ V . We then constructvS as follows:

vS =











v∗|
ΩG/Ω0

v∗|
Ω0

v∗|
ΩL/Ω0

(75)

wherev∗ is an element inV .
Inserting (75) into (16), and due to the uniqueness of the elasticity problem, yields

uS = u∗ in Ω (76)

which completes the proof.

Remark 2. Solving problem in Eqs. (16)–(18) amounts to finding out local and global solutions, defined in their
respective domains, whose sum gives the solutionuS , which, as shown above, is unique. Of course, one can note
that there is an infinity of possible solutionsuG, uL in the overlap whose sum gives the same unique solutionuS ,
in the overlap. However, once the spatial discretization isintroduced, at least for the structured mesh superposition
considered herein, the non-uniqueness issue (Fish, 1992a;Fish and Markolefas, 1993; Jiao, 2015a,b) can be remedied
by constraining the global mesh nodes that coincide with local mesh nodes in the interior of the overlap to solve the
discreet redundancy issue. We refer also to the Tiling method (Seroussi et al., 2012), introduced for the coupling of
different ice models of different order complexity where a similar redundancy issue is treated by using a single layer
of elements in the overlap.

4.2 The Modelling Error with Respect to Discrete Single Domain Model

The difference of accuracy of modeling error results obtained in the previous sections with a variant of the s-method
and Arlequin method is explained in this section. The main point is linked to the approximation precision in the
overlap zone that could be expected from the two approaches,for a fixed discretization since in the complementary
domains, the same numerical models are used by both of them.

With the variant of the s-method, the unique solutionu∗ of the continuous classical single model problem is
approximated, in the overlap, by the enrichment of the fine FEsolution of the coarse FE solution and suppression of
redundant basis elements. This results in an approximationalmost similar to the single FE model.

With the Arlequin method, it can be easily shown that the coupling operator [third system in Eq. (40)] used
to enforce the weak equality between the global coarse solution uG and the local solutionuL, in the overlapΩ0,
leads to the enforcement of the equality betweenuG and the orthogonal projection ofuL on the global coarse space
(see, Ben Dhia and Rateau, 2005). Thus, the solutionu∗ of the continuous single model problem, in the overlap, is
approximated by a partition of the global coarse part and thefine part of the Arlequin problem solution, the latter being
constrained to have its projection on the coarse space equalto coarse part. This leads to an Arlequin approximation
in the overlap that is richer than the coarse part but poorer than the fine part. Alternatively, if the fine space is used as
the mediator space of Lagrange multipliers in the Arlequin method, the coupling operator would have enforced the
exact equality between the local and global fields in the overlap. This would have led to an approximation ofu∗ in
Ω0, in the coarse FE space restricted toΩ0. Thus, for both of these two classical choices, if the globalFE coarse part
of the Arlequin solution is not able to capture with a required precision the solutionu∗ in Ω0, modeling errors are
automatically generated in the overlap (see Figs. 6 and 7) and pollution errors are diffused in the zone of interest.

5. CONCLUSIONS

A variant of the s-method as an alternative scheme to the concurrent coupling has been developed and compared to
the Arlequin method. The proposed primal method is inspiredby a combination of s-version of the finite element
method and the Arlequin method. For the example problems considered, the new variant of the s-method is found
to be more accurate than the Arlequin approach and offers minor computational cost savings. The cause of accuracy
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gains is explained in this work. It is linked to the approximation of the continuous solution in the overlap by both
methods and used global coarse discretization in this zone:the s-method uses a finer approximation of the solution
in the overlap (almost as fine as the classical single fine model). A recommendation for the choice of the Arlequin
coupling/gluing zone (see, Ben Dhia and Rateau, 2002) is that the latter has to be a part of the domain of regularity,
where the used “coarse” approximation leads to a targeted accuracy. In general, this could be achieved by model
adaptivity algorithms (see, e.g., Ben Dhia et al., 2011).

Future work will focus on coupling different mathematical models as well as wave propagation problems.
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APPENDIX A. PROGRAM IMPLEMENTATION FOR THE S-METHOD AND ARLEQUIN METHOD IN
ABAQUS

Herein we describe nonlinear s-method and Arlequin programimplementations in ABAQUS (HKS, 2002) by combin-
ing UEL (user element subroutine), UMAT (user material subroutine), and UVARM (user element output subroutine),
as shown in Fig. A.1. The preprocessing C and MATLAB scripts are used to specify relations of nodes and elements
in the coupling zone and generate input files automatically.The Lagrange multipliers or the interaction stiffness

FIG. A.1: Flow chart of the nonlinear Arlequin method and s-method program
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matrices were introduced by UEL. The constitutive materialmodels are implemented in UMAT. The updated stress
and internal state variables (Belytschko, 2014; Simo, 2006) in UMAT are passed to UEL to compute the tangent
stiffness matrix. The postprocessing operations are basedon UVARM, i.e., using dummy elements with negligible
stiffness that coincide with the position of UEL elements.

For the s-method, the UEL1 (user elements 1) structure is

AMATRIX UEL1 =

[

(KGG)e (KGL)e

(KLG)e (KLL)e

]

(A.1)

In the Arlequin method, two UELs are employed UEL1′ (user elements 1′), UEL2′ (user elements 2′), which are
composed of the coarse-mesh nodes and virtual nodes, as wellas fine-mesh nodes and virtual nodes, respectively

AMATRIX UEL1 =

[

(αGKGG)e (CGλ)e

[(CGλ)T ]e 0

]

(A.2)

AMATRIX UEL2 =

[

(αLKLL)e −(CLλ)e

−[(CLλ)T ]e 0

]

(A.3)
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